An inverse problem of spectral analysis is studied for Sturm-Liouville differential operators on a A-graph with the standard matching conditions for internal vertices. The uniqueness theorem is proved, and a constructive solution for this class of inverse problems is obtained.
Introduction
We study an inverse spectral problem for Sturm-Liouville differential operators on the so-called A-graphs (for the definition, see below). Inverse problems consist in recovering operators from their spectral characteristics. The main results on inverse spectral problems on an interval are presented in [1] [2] [3] . Inverse problems for differential operators on graphs (spatial networks) often appear in the natural sciences and engineering (see [4, 5] and the references therein). In particular, sometimes it is possible to measure not only spectra related to the whole spatial networks but also spectra of networks with Dirichlet conditions for some of fixed internal vertices.
For studying inverse spectral problems on graphs, the method of spectral mappings [6] is an effective tool. In particular, by this method, inverse problems of recovering coefficients of differential operators on trees (i.e. on graphs without cycles) were investigated in [7, 8] and other works. In [9] the inverse problem is solved for graphs having only one cycle. In this work we study more general graphs with an arbitrary number of cycles. This produces new qualitative difficulties in studying the inverse problem. For this class of graphs we give a formulation and obtain the solution of the inverse spectral problem. We prove the corresponding uniqueness theorem and provide a constructive procedure for the solution of this class of inverse problems. For solving the inverse problem we develop ideas of the method of spectral mappings [6] . We note that the results and the methods of the theory of inverse spectral problems can be useful for investigating inverse problems for partial differential equations (see [3] ). With reference to inverse problems for partial differential equations see monographs [10] [11] [12] [13] and the references therein.
Consider a compact connected graph G in R with the set of edges E = {e 1 , . . . , e s }, the set of vertices V = {v 1 , . . . , v m }, and with the map σ which assigns to each edge e j ∈ E an ordered pair of (possibly equal) vertices: σ (e j ) := [u 2j−1 , u 2j ], u j ∈ V. The vertices u 2j−1 =: σ − (e j ) and u 2j =: σ + (e j ) are called the initial and terminal vertices of e j , respectively. The points U := {u j } j=1,2s are called the endpoints for E . Each vertex v ∈ V generates the equivalence class (which is denoted by 
, be the solutions of Eq. (1) on the edge e j with the initial conditions 
The graph has two cycles b 1 = {e 4 , e 5 } and b 2 = {e 3 }.
We assume that if
e. each two cycles can have at most one common point. Such graphs are called A-graphs. For definiteness, let p > 1 (the cases p = 0 and p = 1 require slight modifications; they will be considered separately). Let us take the boundary vertex v p as a root. The corresponding edge e p is called the rooted edge. We agree that if e j ∈ E 1 is a simple edge, then the endpoint u 2j is nearer to the root than u 2j−1 , and if b k ∈ B is a cycle, then the initial point w k is nearer to the root than other points of b k .
Fix E k ∈ E. The minimal number ω k of a-edges between the rooted edge and E k (including E k ) is called the order of E k . The order of the rooted edge is equal to zero. The number ω := max E k ∈E ω k is called the order of the graph G. We denote by
the edge e j . For continuously differentiable Y we define 
where functions y j , y j , j = 1, s, are absolutely continuous on [0, l j ] and satisfy the following matching conditions (MC) in each internal vertex v ξ ∈ V 1 :
Fix cycle b k ∈ B with the initial point w k ∈ U. If (2) holds for the set U \ {w k }, we will call these conditions the w k -MC. Let us consider the boundary value problem L 0 (G) for Eq. (1) with MC (2) and with the Dirichlet boundary conditions at the boundary vertices V 0 :
We also consider the boundary value problems L k (G), k = 1, p − 1, for Eq. (1) with MC (2) and with the boundary conditions 
and Λ ξ ν = {λ This inverse problem is a generalization of the classical inverse problems for Sturm-Liouville operators on an interval and on trees. The solution of this inverse problem is provided in Section 3 (see Theorem 2).
Auxiliary propositions
Let Y = {y j } j=1,s be a solution of Eq. (1) on G. Then 
Let e k , k = p, r, be a fixed simple edge, and let v = σ − (e k ) ∈ V be the initial point of e k . The vertex v divides the graph G into two parts:
Consider the boundary value problem L 0 (Q , v) for Eq. (1) on Q with MC (2) for v ξ ∈ V 1 \ {v} and with the boundary conditions Y |v j = 0, v j ∈ V 0 ∪ {v}. Let ∆ 0 (λ, Q , v) be the characteristic function for L 0 (Q , v). Expanding the determinant ∆ 0 (λ, G) of system s 0 with respect to the columns corresponding to the edges ofĜ, we obtain the following relations. Case 1. Let v be an internal vertex of Q . Then
Case 2. Let v be a boundary vertex of Q , i.e. R(v, Q ) =: e i ∈ E 1 consists of one simple edqe e i , and v = σ + (e i ). Then
Here ∆ ij (λ, Q ) is the characteristic function of the boundary value problem L ij (Q ) which is obtained from L 0 (Q ) by the replacement of the Dirichlet boundary conditions at the boundary vertices σ − (e j ) and σ + (e i ), with the Neumann conditions. Therefore,
Solution of the inverse problem
Fix k = 1, p − 1, and consider the auxiliary inverse problem on the edge e k , which is called IP(e k , G): Given ∆ 0 (λ, G) and ∆ k (λ, G), construct the potential q on e k .
Let Φ k = {Φ kj } j=1,s be the solution of Eq. (1) on G satisfying MC (2) and the boundary conditions 
Substituting (8) into (2) and (7) we obtain a linear algebraic system s k with respect to M 
The following properties hold for the eigenvalues of the boundary value problems L k (G).
(1) There exists h > 0 such that the eigenvalues λ kn = ρ IP(e k , G) . For this purpose together with q we consider a potentialq. Everywhere below if a symbol α denotes an object related to q, thenα denotes the analogous object related toq.
This theorem was proved in [14] . Using the method of spectral mappings [6] for the Sturm-Liouville operator on the edge e k one can get a constructive procedure for the solution of the inverse problem IP(e k , G). Here we only explain ideas briefly; for details and proofs see [6] .
) and take a fixed δ > 0. In the λ-plane we consider the contour θ (with counterclockwise circuit) of the form θ = θ
is the unique solution of the following linear integral equation:
The potential q k on the edge e k can be constructed from the solution of the integral equation (10) ∩ E 1 be a fixed simple edge of order µ, and let v = σ − (e k ) ∈ V be the initial point of e k . The vertex v divides the graph G into two parts G = Q ∪Ĝ, where (5)- (6) hold. Suppose that the potential q is known on Q . Fix e j ∈ E 0 ∩ Q . Let ∆ 0 (λ, G) and ∆ j (λ, G) be given.
(1) Solving the algebraic system (5) or (6) we calculate ∆ 0 (λ,Ĝ) and ∆ k (λ,Ĝ). Let us carry out the B µ -procedure.
The B µ -procedure.
(1) For each fixed simple boundary edge e k ∈ E (µ) ∩ E 1 , we solve the inverse problem IP(e k , G), and find the potential q on e k .
(2) For each fixed simple internal edge e k ∈ E (µ) ∩ E 1 , we construct q on e k by the descent procedure. 
